Abstract. The group of extensions (as in the title), endowed with something like a connection at Archimedean infinity, is isomorphic to the adéle-class group of Q: which is a topological group with interesting Haar measure.
Z-modules, which is compatible with their splittings in the sense that the diagram
Congruence classes of such rigidified extensions define an abelian groupvalued bifunctor Ext Z 0 (A, B), with a straightforward generalization of Baer sum (as we shall check below) as composition. Forgetting the splitting data defines an epimorphism
Proposition This forgetful homomorphism fits in an exact
in particular, the exact sequence
defined by the inclusion of the path-component Σ 0 of the identity in the solenoid
(ie the Pontrjagin dual of the rational numbers: which is connected but not path-connected).
1.2.2
More generally, if o K is the ring of algebraic integers in a number field 
with the cokernel of the map defined by tensoring the (dense) inclusion
(of the integers into the product of the profinite integers) with Q: which is superfluous, since Z/Z is uniquely divisible and is thus already a Q-vector space, whose natural [?] topology is then indiscrete. See [2 Theorem 25] for an account (which motivated this note) of this classical group of extensions.
Proof:
We need first to define the Baer sum of two rigidified exten-
by the image of the map
The resulting sum is split, after tensoring with R, by
To check the first assertion of the proposition, note that if two extensions E, E ′ of Z 0 -modules have congruent underlying extensions of Z-modules, then tensoring those extensions with R defines an isomorphism
of extensions of real vector spaces, with splittings s, s ′ . If
, so the image of ρ ′ lies in the image of i ′ , defining
On the other hand such homomorphisms act freely on the Z 0 -module extensions of A by B: Hom R (A R , B R ) is the group, under Baer sum, defined by splittings of the exact sequence
To prove the second assertion of the proposition we construct a homomorphism ∆ : Ext Z 0 (Q, Z) → Hom(Q, T) as follows: given a diagram
. . .
1.3.2
Here is an example:
[Check that j is onto, ie that q ∈ Q equals u − v for some u ∈ Z (p) and
Let q = q 0 p −n /q 1 with p ∤ q 0 , q 1 and n > 0 (otherwise the claim is immediate, with v = 0). Then (p n , q 1 ) = 1 implies the existence of α, β such that
The ring o K of integers in a number field, however, has more structure, which endows its adéle-class group A K /K ∼ = (A Q /Q) k with a Haar measure normalized [8 V §4 Prop 7] as asserted in the proposition.
1.4 Remarks I suppose the proposition above has a natural reformulation in Arakelov geometry [4 §1 ], ie in terms of Z-modules A, B endowed with positive-definite inner products on A R , B R ; but I don't know anything about Arakelov geometry 1 .
It also seems plausible that
for finite fields F; but its analog of Haar measure seems to be more like an invariant one-form [1] .
